Abstract: Mesh simplification is an important research topic in scientific visualization and virtual reality. The simplification metric is a key issue of a simplification algorithm. In this study, two new simplification metrics based on surface moments and volume moments are proposed, which take the difference between the moments defined by the original mesh and those of the simplified mesh as the objective function. These metrics were used in an edge collapse scheme in order to prove their usability in the mesh simplification procedure. For a given maximum order and the number of triangles required, the optimal mesh with a minimum moment difference from the original mesh can be determined. The procedures are applied to some models and better results are obtained in comparison with some known algorithms.
Introduction
The most commonly used three-dimensional (3D) boundary representation in computer graphics and vision is the polygonal representation. In this case an object is represented by a mesh of polygons. Triangle meshes, owing to their geometrical properties and mathematical simplicity, have become a common standard in computer graphics. But on many occasions, to achieve the requirement of high fidelity, high resolution model is generally comprised of millions of triangle primitives. The total number of triangles used to represent an object often largely exceeds the capacity of the graphics hardware real-time rendering, which represents one of the virtual simulation bottlenecks. One natural way to solve this problem consists of simplifying the mesh models by eliminating elements of polygons (vertices, edges, faces) for topologically-simple surfaces or by reducing the geometric and topological complexity for topologically-rich models [1] , replacing the original object with fewer triangles while trying to keep its main characteristics.
The mesh simplification methods can be classified into four groups: sampling, adaptive subdivision, decimation and vertex merging. Among these methods, the decimation techniques which principally consist in iteratively removing vertices, edges or triangles from the mesh are very fast and relatively simple to program. According to the deleted elements such as vertices, edges or triangles, the simplification method is called vertex removal, edge collapse or triangle removal respectively. Most of the decimation approaches are based on the following iterative framework: 1) assigning a cost to each valid operation which represents the amount of change introduced in the model, 2) applying the operation with minimum cost, 3) recalculating the costs of the operation belonging to the modified mesh portion. This iteration continues until the desired resolution is reached.
Mesh simplification based on decimation methods introduces a metric between the original mesh and the approximated one. In the design of a mesh simplification algorithm, an important issue is the selection of an element to be deleted. Choosing optimal elements guarantees minimization of the metric between the original mesh and the final approximation. Oliver et al. [2] compared several metrics for mesh simplification and indicated the importance of the metric to the quality of approximations. Park et al. [3] proposed an area-based metric and demonstrated its efficiency. Instead of combining the error volume with additional constrains into quadric matrices [4] , Oliver et al. [2] used the volume itself as a simplification metric and the experimental result demonstrated that it is suitable for applications that require fast and memoryless simplification while generating approximations with considerable quality.
Most of the proposed metrics are based on local properties which guaranty preservation of local features. The area-based metric and the volume based metric are based on the object's global features, but their preserved characteristics are single and lack of enough information. Moments and moment invariants contain much information about the object and they are widely used in object representation and recognition [5] . Since the moments of lower order (up to two) can be used to describe the shape of boundary segment, they have been successfully used to detect the image boundary [6, 7] . Shu et al. [8] proposed moment-based methods for polygonal approximation of digitized curves. Inspired by this research work, a surface moments based metric and a volume moments based metric are developed in this paper with the purpose of generating low error approximations and being simple to implement. An implementation based on edge collapse is used in the experiments, with the aim of comparing the different metrics independently of other aspects related to the simplification method. A uniform framework is applied for the simplification of all models, and only the investigated metrics are different.
The rest of this paper is organized as follows. Section 2 reviews briefly some relevant previous works on simplification metrics. The proposed moment based metrics are presented in detail in Section 3. These metrics are evaluated and the results are discussed in section 4. Finally, the conclusions are given in Section 5.
Related previous works
As mentioned before, the decimation based simplification process often takes an iterative method. The metric according to which we decide the simplification sequence is crucial during the iterative process. Some existing metrics are presented in this section.
Simplification metrics can be divided into two classes: local or global features based metrics. Within the class of local feature based metrics methods, one of the first vertex removal based simplification methods was proposed by Schroeder et al. [9] . The implemented simplification metric is the distance of the vertex to the average plane formed by its adjacent triangles. This metric is very simple to compute, but generates low-quality approximated models. Kim et al. [10] proposed a discrete curvature metric for simplification which has been demonstrated as not satisfactory because it always generates low-quality simplifications [2] . Vollmer et al. [11] used the standard deviation of a vertex set as a simplification metric. It has the effect of smoothing a triangle mesh during its simplification. Graland et al. [12] proposed a quadric error metrics (QEM) based algorithm. This algorithm made use of the quadric error metric to choose the edge to be simplified and the new vertex after contraction. It estimates the error introduced by a pair collapse operation as the distance from a vertex to a quadratic surface, represented as a symmetric matrix. The algorithm provides high-quality results because the quadric matrices are accumulated during the simplification process. Lindstrom et al. [4] added volume preservation and boundary perseveration constrains to the quadratic objective functions when selecting the position of the new vertex. Hoppe [13] introduced an energy function to describe the complexity and fidelity of mesh and tracked simplification quality minimizing it. Hoppe's energy function requires many vertex distance evaluations so that it reduces the computational speed. Klein et al. [14] evaluated the Hausdorff distance between the original and simplified models, allowing precise error control. Hussain et al. [15] proposed a metric which is the summation of geometric change combined with vertex visual importance.
The above presented metrics are all designed according to the local feature changes. Wu et al. [16] modified QEM to postpone the simplification of global features by adding the assigned weight to the contraction cost. The global feature preservation is used as constrains within the simplification process and the metric itself is still according to the local features.
The method based on global feature change is another efficient way to determine the approximated meshes. Among this kind of methods, Park et al. [3] proposed a global feature based metric, which compares the area difference of the original mesh S and its approximation S ′ . The cost function is defined as:
A volume-based metric as the geometric deviation measure was proposed by Alliez et al. [17] . It minimizes the volume between the simplified mesh and the original mesh. The cost function is as follows:
Inspired by these two metrics, we propose two moment based simplification metrics with the purpose of improving the approximated results.
Proposed moments based metrics
In this section, the two moments based metrics are presented. They are based on surface moments and volume moments respectively. The fast computation methods proposed by Tuzikov et al. [18] are applied to reduce the computational burden.
Surface moments based metric
The surface moment of order k 1 +k 2 +k 3 of a 3D compact body P is defined as:
where the integral is taken on the surface of P. Notice that m 000 S(P) is the area of the model's surface which is used by Park et al. [3] as a simplification metric (Eq. 1) in their method. Since the higher order moments contain more information about the object's surface, we will use the moment difference to measure the similarity between the original model surface S and the simplified model surface S ′ . Let
be the surface moments defined by S and S ′ , respectively. Then we define the following simplification cost function:
where M is the maximum order of moments that we will use.
Comparing Eq. (4) with Eq. (1), it can be seen that Eq. (1) corresponds to a special case of Eq. (4) (with M = 0). Therefore, we can expect to obtain better results using Eq. (4) with M > 0 contrasting with Eq. (1). However, the algorithm directly based on Eq. (4) could be time consuming because the moment calculation by a straightforward method is very expensive. This problem can be solved using a simple and fast surface moment computing algorithm which was proposed by Tuzikov [18] . A brief description of this algorithm is given below.
Assume that the object is represented by a mesh of N triangles, each triangle defined by its vertices v ia , v ib , v ic , i = 1, 2, …, N. For each triangle we form a tetrahedron denoted by T i defined by the three vertices and the coordinate origin. Let S 0 (T i ) be the tetrahedron facet that is opposite to the coordinates origin, then Eq. (3) can be rewritten as:
Eq. (5) shows that we need only to calculate the surface moment ia = (a 1 , a 2 , a 3 
Let us introduce some notations. Denote by A=(A ij ) the following matrix 
where Ar(S 0 ) denotes the area of the face S 0 (T).
The fast surface moment computing algorithm allows us to develop a mesh simplification method based on higher order moments.
Using Eq. (5) 
Eq. (7) can be used to determine a sequence of approximation meshes with different number of triangles. Let F N be the original mesh with N triangles . For a specified number n, the objective may be to find an approximated mesh F n so that the moment differences of F n from the initial mesh F N is minimal. The candidate F n is uncountable because the three-dimensional model is complicated. In order to simplify the optimization procedure, we take the iterative decimation methods (vertex removal, face removal or edge collapse) to determine a sequence of approximated meshes of the initial model. During the iterative decimation procedure, only the moments related to the modified triangles are changed for each step. So Eq. (7) can be simplified to a more efficient form. Here we take edge collapse procedure for illustration.
As illustrated in figure 1 , each operation will remove two triangles adjacent to the deleted edge e ij . That is, we start with the initial mesh F N to get the first simplified mesh F N-2 , then the simplified mesh F N-4 from F N-2 , and so on until finding F n . The greedy strategy we use in the approximation process is that F N-2 is derived from F N such that the surface moment difference between F N-2 and F N is minimal (global minimum). To obtain the approximated mesh F N-2 from F N , the kernel operation of the approximation process is to collapse an edge e ij to a point k. Since all the other triangles have no change except the triangles adjacent to the two points i and j, which are the two vertices of the deleted edge. We can deduce from Eq. (7) 
where T v denotes the triangles adjacent to a vertex v and ij e T denotes the two triangles adjacent to the edge e ij . Eq. (8) shows that the computation of adjacent triangle moments is taken instead of the whole object triangle moments.
This principle can be extended to vertex or face removal methods by only taking their respective triangle changes caused by each operation into account.
Volume moments based metric
The volume moment of order k=k 1 +k 2 +k 3 of a 3D compact body P is defined as:
where the integral is taken on the volume of P. Notice that m 000 V(P) is the volume of the model P which is used by Alliez et al. [17] as a simplification metric (Eq. 2) in their method. The simplification cost function by using the volume moments is similar to that of the surface moments. It is defined by Tuzikov et al. [18] also proposed a fast algorithm for computing the volume moments. The computation method of volume moments is similar to that of surface moments. Similar to Eqs. (5), (6) , the corresponding formulas for volume moments based simplification are as follows: 
where A is the determinant of A.
Using Eq. (11), Eq. (10) 
For iterative mesh simplification methods, only some local modification presents to each iteration. Similar to that of surface moments based metric, we take edge collapse operation to illustrate the simplified form of Eq. (13) for a series of decimation methods. We can deduce from Eq. (13) that the moment difference of order up to M between F N and F N-2 is as follows:
where EVMD denotes the global volume moment difference of an edge collapse operation, which is called the cost function. As mentioned previously, this metric can be easily extended to vertex or face removal operation.
Experiments
The experiments were performed on a PC Pentium 4 2.66GHZ CPU with 512MB RAM, running on Windows XP operating system. Visual C++ and OpenGL were taken as development tools. The results for the cow model (2904 vertices and 5804 triangles) and the North America model (2025 vertices and 3872 triangles) are presented. The original models are shown in Fig. 2. 
Mesh simplification process
In order to evaluate the proposed metrics, we follow the same framework as described in [2] . In this paper, the authors suggest to employ the edge collapse operation (Fig. 1) for the simplification procedure because it preserves topology and it is easy to implement. In our opinion, it is a good choice because the approximation results mainly rely on the metrics, without the involvement of any other factors (like retriangulation method choice).
Based on the edge collapse method, our greedy strategy for determining the approximated meshes can be summarized as follows. In each step of the approximation process, i.e., when we pass F N and F N-2 , the edge among all the edges of F N is removed if it gives the minimum moment difference value. The corresponding algorithm is as follows: Input: The original mesh F N containing N triangles, the maximum order of moments M and the number of triangles n required.
Step 1: Compute every triangle's moments using Eq. (6) or Eq. (12) and then compute moment difference for each edge collapse operation using Eq. (8) or Eq. (14) . The moment differences are stored as a contraction cost for every edge.
Step 2: Sort the costs in an increasing order.
Step 3: Select the top edge in the queue, and check if it can be contracted. If not, remove it from the queue and return to the beginning of step 3. If yes, contract this edge and recalculate the information of the affected triangles and edges.
Step 4: Update the position of the affected edges in the cost queue.
Step 5: Repeat step 3 and step 4 until the required triangle number of the approximation is reached. Each time when one edge is collapsed, two triangles and one edge will be deleted. In order to perform the operation, we must choose a position for k. A simple scheme is implemented, which is to choose v i , v j or (v i + v j )/2 depending on the lowest value of simplification cost that produced by the new position. In order to preserve the vision characteristic, if the largest normal direction change of one edge's adjacent triangles is greater than a certain threshold (here we choose 4 / π ) after edge contraction, we keep the edge.
Metrics evaluation method
The two moments based metrics were evaluated qualitatively and estimated by measuring the global simplification error assessment. Since the root mean squared (RMS) error measures the global average error between the model and its approximation, it is commonly used as the efficiency measurement in the mesh simplification algorithms. We used the error detection tool Metro [19] to calculate the RMS error between one model and its approximation. The RMS error from S ′ to S is defined as:
Besides the error detection method, the moments themselves can also be used as evaluation tools. The moment difference between the approximation and the original model is an efficient measure tool to evaluate the moments preservation ability of the simplification methods. We have done some experiments to demonstrate this evaluation method. Fig 3 and 4 present the qualitative results of a 70% model simplification rate (from 5804 triangles to 1704 triangles) using respectively surface and volume moments based metrics for different maximum moment order values M. In all the cases we can see that they still contain the major topology characteristic of the initial model. From Fig. 3 , we can see that the choice of M > 0 gets qualitatively better results than that of M = 0. When M = 0, the surface moments based metric becomes the area-based metric of Eq. 1. Fig 4 shows that the increase of the moment order for volume based method slightly improves the approximated results, but it performs better than the surface moments based simplification. Fig. 5 and Fig. 6 show the simplification errors of the two moments based metrics for different values of M in terms of the simplification rate. The results presented in Fig 5(a) confirm quantitatively the visual effect of Fig. 3 . For the two moments based metrics, M = 0 represents area-based metric and volume based metric respectively. When the required facet rate in the approximation is low, it seems that M > 0 can get a lower simplification error than M = 0. That is to say, the moments based metrics can get a better result in the simplification error sense.
Experimental results
In order to compare the two moments based metrics, a graph of their simplification errors is drawn in Fig. 7 . For each metric, we choose the lowest simplification error for M varying from 0 to 3. It seems that the volume moments based metric provides lower simplification error.
The aim of the proposed metrics is to preserve the moment features of the original models. So in order to demonstrate the preservation ability of the two metrics, we compute the moment difference between the original model and the approximation, using our metrics and the quadric error metric (QEM) respectively. The results are illustrated in Fig. 8 and Fig. 9 , for SM based metric and VM based metric respectively. Here we choose M = 2 for illustration. The results show that our methods have a better ability to preserve the moment features. These results also demonstrate that our global moment based metrics can be used to evaluate the several mesh simplification methods.
Conclusions
We have proposed two new metrics for mesh simplification, with the aim of preserving the original model's global features in the approximation. They are designed based on the surface moments and volume moments by extending the two global metrics, which are area based and volume based metrics, respectively. The experimental results demonstrated that the extended metrics can get better result since they contain more information about the model.
The experiments showed that the speed of convergence of our algorithms is fast enough with the help of fast computation of moments. To reduce the computational time further, our algorithms can be implemented in a parallel processing machine with minor modifications. 
